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After the recent high precision determinations of Vus and Vud, the first row of the CKM matrix
shows more than 4σ deviation from unitarity. Two possible scenarios beyond the Standard Model
can be investigated in order to fill the gap. If a 4th quark b′ participates in the mixing, with
|Vub′ | ∼ 0.04, then its mass should be no more than 6 TeV or so. A different solution can come
from the introduction of the gauge horizontal family symmetry acting between the lepton families
and spontaneously broken at the scale of about 6 TeV. Since the gauge bosons of this symmetry
contribute to muon decay in interference with Standard Model, the Fermi constant is slightly smaller
than the muon decay constant so that unitarity is recovered. Also the neutron lifetime problem,
that is about 4σ discrepancy between the neutron lifetimes measured in beam and trap experiments,
is discussed in the light of the these determinations of the CKM matrix elements.
1. The Standard Model (SM) contains three fermion
families in the identical representations of the gauge sym-
metry SU(3)×SU(2)×U(1) of strong and electroweak in-
teractions. One of its fundamental predictions is the uni-
tarity of the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix of quark mixing in charged current
VCKM =
 Vud Vus VubVcd Vcs Vcb
Vdd Vts Vtb
 . (1)
Deviation from the CKM unitarity can be a signal of new
physics beyond the Standard Model (BSM). The experi-
mental precision and control of theoretical uncertainties
in the determination of the elements in the first row of
VCKM are becoming sufficient for testing the condition
|Vud|2 + |Vus|2 + |Vub|2 = 1 . (2)
Since |Vub| ' 0.004 is very small, its contribution is neg-
ligible and (2) reduces essentially to the check of the
Cabibbo mixing: |Vus| = sin θC , |Vud| = cos θC and
|Vus/Vud| = tan θC . In essence, this is the universality
test for the W -boson coupling (g/
√
2)W+µ J
µ
L + h.c. to
the relevant part of the charged left-handed current
JµL = VuduLγ
µdL + VusuLγ
µsL + νeγ
µeL + νµγ
µµL (3)
For energies smaller than W -boson mass this coupling
gives rise to the effective current × current interactions
− 4GF√
2
uL
(
VudγµdL+VusγµsL
)(
eLγ
µνe+µLγ
µνµ
)
(4)
which are responsible for leptonic decays of the neutron,
pions, kaons etc., as well as to the interaction
− 4GF√
2
(
eLγµνe
)(
νµγ
µµL
)
(5)
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responsible for the muon decay. All these couplings con-
tain the Fermi constant GF /
√
2 = g2/8M2W .
Precision experimental data on kaon decays, in com-
bination with the lattice QCD calculations of the decay
constants and form-factors, provide accurate information
about |Vus|. On the other hand, recent calculations of
short-distance radiative corrections in the neutron decay
allow to determine |Vud| with a remarkable precision.
In this paper we analyze the present individual de-
terminations of Vud and Vus and find significant (more
than 4σ) deviation from the CKM unitarity (2). We
discuss two possible BSM scenarios which can explain
this deviation. In the first one the three-family unitar-
ity is extended to four species, by introducing the 4th
down-type quark b′ with mass of few TeV. The second
scenario assumes the existence of horizontal gauge sym-
metry between the lepton families which is spontaneously
broken at the scale of few TeV. The corresponding flavor
changing gauge bosons induce the effective four-lepton
interaction having exactly the same form as (5), with the
new Fermi-like constant GF . In this case, muon lifetime
would determine Gµ = GF +GF rather than GF . In this
way, one can nicely restore the three family unitarity (2)
without introducing new quark species. We discuss impli-
cations of these scenarios for the lepton flavor violation
(LFV) and for the Standard Model precision tests. At
the end, we also discuss the problem of neutron lifetime
related to the discrepancy between its values measured
using two different (trap and beam) methods.
2. The most precise determination of |Vud| is obtained
from superallowed 0+− 0+ nuclear β-decays which are
pure Fermi transitions sensitive only to the vector cou-
pling constant GV = GF |Vud| [1]:
|Vud|2 = K
2G2FFt (1 + ∆VR)
=
0.97147(20)
1 + ∆VR
(6)
where K = 2pi3 ln 2/m5e = 8120.2776(9) × 10−10 s/GeV4
and Ft is the nucleus independent value obtained from
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2the individual ft-values of different 0+−0+ nuclear tran-
sitions by absorbing in the latter all nucleus-dependent
corrections, while ∆VR accounts for short-distance (tran-
sition independent) radiative corrections. For the sec-
ond step, we take Ft = 3072.07(72) s [2] obtained by
averaging the individual Ft-values for fourteen superal-
lowed 0+− 0+ transitions determined with the best ex-
perimental accuracy, and plug in the Fermi constant as
GF = Gµ = 1.1663787(6)×10−5 GeV−2 determined from
the muon decay [3]. The major uncertainty is related to
the so called inner radiative correction ∆VR .
The element |Vus| can be determined from analysis of
semileptonic K`3 decays (KLµ3, KLe3, K
±e3, etc.) [4]:
f+(0)|Vus| = 0.21654± 0.00041 (7)
where f+(0) is the K → pi`ν vector form–factor at zero
momentum transfer. On the other hand, by comparing
the kaon and pion inclusive radiative decay rates K →
µν(γ) and pi → µν(γ), one obtains [5]:
|Vus/Vud| × (fK±/fpi±) = 0.27599± 0.00038 . (8)
Hence, the values |Vus| and |Vus/Vud| can be indepen-
dently determined using the lattice QCD results for the
form–factor f+(0) and the decay constant ratio fK/fpi.
3. Let us first consider the values of the CKM matrix
elements |Vus|, |Vud| and their ratio |Vus/Vud| as quoted
by Particle Data Group (PDG) review 2018 [5]:
|Vus| = 0.2238(8)
|Vus/Vud| = 0.2315(10) (9)
|Vud| = 0.97420(21)
Here |Vus| and |Vus/Vud| are obtained respectively from
Eqs. (7) and (8) using the FLAG 2017 averages of 3–
flavor lattice QCD simulations f+(0) = 0.9677(27) and
fK±/fpi± = 1.192(5) [6]. |Vud| is obtained from Eq. (6)
by taking ∆VR = 0.02361(38) as calculated in Ref. [7].
By imposing the CKM unitarity (2), the three data
(9) reduce to three independent determinations of |Vus|.
These determinations shown as A, B, C in upper panel of
Fig. 1 (see also Table I for numerical values) are compati-
ble within their error-bars.1 Namely, B and C are almost
equal while there is a modest tension (1.4σ) between A
and B. Their average A+B = 0.2245(6), practically co-
incides with the PDG 2018 average of |Vus| [5]. By aver-
aging all three values we get A+B+C = 0.2248(5) with
χ2dof = 1.7. Pulls of A, B and C relative to this average
(given in Fig. 1) are compatible with a standard devia-
tion. Summarizing, the dataset (9) adopted from PDG
2018 [5] is consistent with the CKM unitarity (2).
However, recent progress in the determination of the
CKM elements allows to test the unitarity with improved
1 Throughout this paper A is the direct determination of |Vus|
obtained from Eq. (7). B and C are the values of |Vus| obtained
respectively from |Vus/Vud| and |Vud| by assuming unitarity.
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FIG. 1. Upper panel: Three independent |Vus| determinations
A, B, C obtained from the PDG 2018 data (9) by assuming
the CKM unitarity. The grey shaded band corresponds to the
average A+B+C (with formal error not rescaled by a factor√
χ2dof). Pulls of C, B, A and A+B are shown. Lower panel:
The same for the A, B, C values obtained from new data (10).
precision. Significant redetermination of |Vud| is related
to new calculation of inner radiative corrections with
reduced hadronic uncertainties, ∆VR = 0.02467(22) [8].
Employing also the recent result f+(0) = 0.9696(18) from
new 4–flavor (Nf = 2+1+1) lattice QCD simulations
[9] and the FLAG 2019 four-flavor average fK±/fpi± =
1.1932(19) [10], one arrives to the following set:2
|Vus| = 0.22333(60)
|Vus/Vud| = 0.23130(50) (10)
|Vud| = 0.97370(14)
This dataset, again by imposing the CKM unitarity, re-
duces to independent |Vus| values A, B, C shown in lower
panel of Fig. 1 (numerical values are given in Table I).
Now we see that the values A, B, C are in ten-
sions among each other. Namely, there is a 5.3σ dis-
crepancy between A and C, and 3.2σ between B and
C. The tension between the determinations A and B,
both from kaon physics, is 2.7σ. More conservatively,
one can take their average A+B. The discrepancy of
the latter with C is 4.5σ. Fitting these values, we get
A+B+C = 0.22546(31) but the fit is bad, χ2dof = 13.9.
C, A and A+B have large pulls, 3.9σ, −3.6σ and −2.3σ.
This tension can be manifested also by analyzing the
data (10) in a different way. Without imposing the uni-
tarity condition (2), we perform a two parameter fit of
2 Alternatively, one could use the FLAG 2019 average f+(0) =
0.9706(27) [10] (not including result of Ref. [9]) leading to a
minor change of |Vus| in (10) from 0.22333(60) to 0.22310(75).
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FIG. 2. The horizontal, vertical and slightly bended bands
correspond to |Vud|, |Vus| and |Vus/Vud| from (10). The best
fit point (red cross) and 1, 2 and 3σ contours are shown.
The red solid line corresponds to the three family unitarity
condition (2), and the dashed red line corresponds to the ”ex-
tended” unitarity (11) with |Vub′ | = 0.04.
the three independent values (10). In Fig. 2 we show
the gaussian hill of the probability distribution with the
confidence level (C.L.) contours around the best fit point
(|Vus| = 0.22449, |Vud| = 0.97369), with χ2min = 6.1.
(This χ2–value seems large for a two parameter fit, but
it is dominated by the tension between the determina-
tions A and B of |Vus| from the kaon data and per-
haps this tension will disappear with more accurate lat-
tice simulations.) The red solid line corresponding to
the three family unitarity condition |Vud|2 + |Vus|2 =
1 − |Vub|2 = 1 − O(10−5) is about 4.3σ away from this
hill (∆χ2 = 21.6). In other words, the new (after 2018)
dataset (10) disfavors the CKM unitarity at 99.998% C.L.
4. “If the Hill will not come to the CKM, the CKM will
go to the Hill.” The unitarity line can be moved down
towards the probability distribution hill in Fig. 2 if the
unitarity condition is extended to more families. One
can introduce, besides the three down quarks d, s, b, a 4-
th state b′ which is also involved in quark mixing. Then
the first row unitarity condition will be modified to
|Vud|2 + |Vus|2 + |Vub|2 + |Vub′ |2 = 1 . (11)
In particular, the red dashed line in Fig. 2 passing
through the best fit point on the top of the probability
hill corresponds to |Vub′ | = 0.04 (at 95 % C.L. this addi-
tional mixing is limited as |Vub′ | = 0.04±0.01). Plugging
this value in Eq. (11), the dataset (10) gives the modified
determinations of |Vus| for the three cases named above
as A, B and C (for numerical values see in 3rd column
of Table I). Clearly, the case A in this list remains the
same as in 2nd column but B and especially C are shifted
down. Fig. 3 shows that consistency between these val-
ues is significantly improved compared to lower panel of
Fig. 1. The fit for A+B+C is acceptable, χ2dof = 3. Pulls
of C and A+B are practically vanishing. There remains
a tension between A and B but it is softened to 2.4σ from
2.7σ of Fig. 1.
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FIG. 3. Determinations of |Vus| obtained from the dataset
(10) using Eq. (11) with |Vub′ | = 0.04.
Let us discuss now in which conditions one could ob-
tain so large mixing with the 4th species, |Vub′ | ≈ 0.04.
In the SM the three families (i = 1, 2, 3 is the family
index) of left-handed (LH) quarks QLi = (ui, di)L and
leptons `Li = (νi, ei)L transform as weak isodoublets of
SU(2)×U(1) and the right-handed (RH) quarks uRi, dRi
and leptons eRi are the isosinglets. The existence of a
fourth sequential family is excluded by the SM precision
tests in combination with the direct limits from the LHC,
but one can introduce additional vector-like fermions.
Let us briefly sketch a vanilla picture of this type, adding
just a vector-like couple of isosinglet down-type quarks
b′L, b
′
R having a large Dirac mass Mb
′b′, b′ = b′L + b
′
R.
In this way, we obtain the modified 3 × 4 matrix of the
quark mixing in left-handed charged current:
V˜CKM =
 Vud Vus Vub Vub′Vcd Vcs Vcb Vcb′
Vtd Vts Vtb Vtb′ .
 (12)
The condition (11) regards the first row of this matrix.3
Without losing generality, the Yukawa terms can be
divided in two parts. The first part
Y iju φ˜ QLiuRj + Y
ij
d φQLidRj + Y
ij
e φ `LieRj + h.c. (13)
comprises the SM Yukawa terms of three standard fam-
ilies with the Higgs doublet φ, Yu,d,e being the Yukawa
constant matrices and φ˜ = iτ2φ
∗. The second part
hiφQLib
′
R +M b
′
Lb
′
R + h.c. (14)
involves the extra state b′. Fermion masses emerge
from the vacuum expectation value (VEV) of the Higgs,
〈φ0〉 = vw = 174 GeV (for a convenience, we use this
3 One can introduce also a fourth upper quark t′, so that two
singles b′ and t′ would form a family in some sense, and the
mixing matrix (12) would become a 4× 4 matrix. However, this
modification of the minimal picture is irrelevant since t′ will have
no impact on the first row unitarity. In addition, it can be easily
shown that introduction of fourth vector-like isodoublet family
Q′L,R = (t
′, b′)L,R cannot generate large enough mixing Vub′ .
4b′
W W
b′
c
u
u
c
b′
Z Z
b′
s
d
d
s
FIG. 4. Wb′ box inducing D0−D¯0 mixing and Zb′ box in-
ducing K0−K¯0 mixing.
normalization of the Higgs VEV instead of “standard”
normalization 〈φ〉 = v/√2, i.e. v = √2vw).
Without loss of generality, the matrix Yd can be chosen
diagonal, Yd = Y
diag
d = diag(yd, ys, yb). The Yukawa
terms in (14) induce the mixing of three known quarks
d, s, b to the 4th quark b′. Thus, 4× 4 mass matrix of all
down-type quarks has a form: Ydvw 0 0 hdvw0 Ysvw 0 hsvw0 0 Ybvw hbvw
0 0 0 M
 (15)
In this basis, the up quark Yukawa matrix is non-
diagonal, Yu = VuLY
diag
u V
†
uR, Y
diag
u = diag(yu, yc, yt),
where 3 × 3 unitary matrix VuL in fact determines the
ordinary three-family part (1) of the quark mixing, i.e.
V †Lu = VCKM. Then 3× 4 extended mixing matrix V˜CKM
(12) is completed by diagonalization of the matrix (15).
Namely, the off-diagonal terms in (15) determine the mix-
ing of d, s, b with b′, Vub′ ' hdvw/M , Vcb′ ' hsvw/M
and Vtb′ ' hbvw/M which values are generically com-
plex. This mixing practically does not affect the diagonal
elements in (15). Hence, md,s,b = Yd,s,bvw and mb′ = M .
The LHC limit on extra b′ mass M > 880 GeV [5]
implies that |Vub′ | ' 0.04 can be obtained if hd > 0.2,
much larger than the Yukawa constant Yb. In turn, by
taking |Vub′ | > 0.03 in M = hdvw/|Vub′ |, and assuming
(for the perturbativity) hd < Yt ' 1, we get an upper
limit on the extra quark mass, M < 6 TeV or so.
The extension of the SM by adding an extra isosin-
glet quark b′ generates significant contributions in flavor-
changing processes. E.g., Wb′ box diagram shown in
Fig. 4 induces D0−D¯0 mixing. For |Vub′ | ' 0.04, its con-
tribution would exceed the experimental value of their
mass splitting, ∆M ' 1010 s−1, unless |Vcb′/Vub′ | ×
(M/1 TeV) < 1/3 or so. In addition, as one can see
from (14), the 4th quark has tree level flavor-changing
couplings with the Higgs boson H and also with Z-boson:
M√
2vw
H
(
Vub′dL + Vcb′sL + Vtb′bL
)
b′R + h.c.
g
2cW
Zµ
(
Vub′dL + Vcb′sL + Vtb′bL
)
γµb′L + h.c. (16)
Then the Zb′ box diagram shown in Fig. 4 contributes
to K0 − K¯0 mixing. Interestingly, for |Vub′ | ' 0.04
W
νe e L
µ L νµ
F
νe νµ
µ L e L
FIG. 5. The SM contribution to the muon decay mediated by
W -boson (left), and the BSM contribution mediated by the
flavor-changing F–boson (right).
this new contribution in CP-violating K–parameter
would be larger than the SM one unless arg(Vcb′/Vub′)×
|Vcb′/Vub′ | × (M/1 TeV) < 1/10 or so. For |Vtb′ | ∼
|Vub′ | = 0.04, the analogous Zb′ box diagram with exter-
nal b quark would give a contribution to Bd − B¯d meson
mixing comparable to the SM contribution.
These flavor-changing and CP-violating effects can be
suppressed if Vcb′ and Vtb′ are much less than Vub′ , or
at least have rather small complex parts. (Accidentally,
|Vub′ | ' 0.04 is comparable to |Vcb| and ten times larger
than |Vub|.) The picture with the 4th state b′ having a
larger mixing with the first family than with (heavier)
2nd and 3rd families looks somewhat ad hoc, but it is
not excluded by the present experimental limits. The
implications of a TeV scale extra quark b′ with significant
|Vub′ | mixing deserve careful analysis.
5. “But what if the Hill comes to the CKM?” Here we
discuss just the opposite possibility: instead of moving
the unitarity line to the probability distribution Hill in
Fig. 2, we move the Hill towards the unitarity line.
Namely, we consider that the Fermi constant GF in the
effective interaction (4) which is responsible for leptonic
decays of hadrons can be different from the effective con-
stant Gµ determined from the muon lifetime. We assume
that besides the SM interaction (5) mediated by charged
W–boson, there is also a new operator
− 4GF√
2
(eLγµµL)(νµγ
µνe) (17)
mediated by a hypothetical lepton flavor changing neu-
tral gauge boson F . The respective diagrams, shown
in Fig. 5, have positive interference for the muon decay.
Namely, by Fierz transformation this new operator can
be brought to the form (5), so that the sum of these two
diagrams effectively gives the operator
− 4Gµ√
2
(
eLγµνe
)(
νµγ
µµL
)
, (18)
the same as (5) but with the coupling constant
Gµ = GF +GF = GF (1 + δµ),
GF
GF
≡ δµ > 0 . (19)
ConstantGµ = 1.1663787(6)×10−5 GeV−2 is determined
with great precision from the muon decay [3]. Now Eqs.
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FIG. 6. The same as on Fig. 2 but with the bands of |Vud| and
|Vus| rescaled up by a factor 1 + δµ = 1.00076 while the band
for |Vus/Vud| remains the same. The red line corresponds to
three-family unitarity (2) as in Fig. 2.
(6) and (7), instead of |Vud| and |Vus|, are determining re-
spectively the values |Vud| ×GF /Gµ and |Vus| ×GF /Gµ.
Instead the value of |Vus/Vud| determined from (8) re-
mains unchanged since the Fermi constant cancels out.
Thus, under our hypothesis, the dataset (10) should be
modified to the following:
|Vus| = 0.22333(60)× (1 + δµ)
|Vus/Vud| = 0.23130(50) (20)
|Vud| = 0.97370(14)× (1 + δµ)
Now, involving the extra parameter δµ but assuming the
3-family unitarity (2), the fit of the above dataset has
acceptable quality, χ2 = 6.1, and the best fit point cor-
responds to δµ = 0.00076. This situation is shown in
Fig. 6 in which the values of |Vud| and |Vus| are deter-
mined by taking δµ = 0.00076. By this choice of the extra
parameter the fit becomes perfectly compatible with the
unitarity (2). The probability distribution Hill is moved
up so that its top now lies on the unitarity line.
By imposing the unitarity condition |Vud|2 + |Vus|2 =
1 − |Vub|2, the list (20) can be transformed in δµ de-
pendent determinations A, B, C of |Vus|. Fig. 7 shows
these determinations for δµ = 0.00076. Taking into ac-
count that GF /
√
2 = g2/8M2W = 1/4v
2
w, where vw =
174 GeV is the weak scale, and parametrizing similarly
GF/
√
2 = 1/4v2F , we see that δµ = GF/GF = 0.00076
corresponds to vF/vw = 36.3, or to the flavor sym-
metry breaking scale vF = 6.3 TeV. More widely, the
range of δµ consistent with unitarity at the 68% C.L. is
δµ = (7.6 ± 1.6) × 10−4 which corresponds to the new
scale in the interval vF = [5.7÷ 7.1] TeV.
6. The non-abelian gauge horizontal flavor symmetry
GH between the fermion families can be the key for un-
derstanding the quark and lepton mass and mixing pat-
tern [11, 12]. Namely, the form of the Yukawa matrices
Yu,d,e in (13) can be determined by the GH symmetry
breaking pattern, i.e. by the VEV structure of the hori-
zontal scalar fields (flavons) responsible for this breaking.
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FIG. 7. Determinations of |Vus| obtained from (20).
Then the fermion mass hierarchy is related to the hier-
archy between these VEVs. In Refs. [11] this conjecture
was coined as hypothesis of horizontal hierarchies. In
this picture the fermion masses emerge from the higher
order operators involving, besides the Higgs doublet φ,
also flavon scalars which transfer their VEV structure to
the Yukawa matrices Yu,d,e. These so called “projective”
operators in the UV-complete renormalizable theory can
be obtained via integrating out some extra heavy fields,
scalars [12] or vector-like fermions [11]. In particular, this
concept implies that the fermion masses cannot emerge
if GH symmetry is unbroken. Thus, GH cannot be a
vector-like symmetry but it should have a chiral char-
acter transforming the LH and RH particle species in
different representations. In particular, in Refs. [11–14]
the horizontal symmetry GH was considered as SU(3)H
with the LH fermions of the three families transforming
as triplets and the RH ones as anti-triplets, as it is mo-
tivated by the grand unification.
However, in the Standard Model framework one has
more possibilities. Namely, in the limit of vanishing
Yukawa couplings Yu,d,e → 0 in (13), the SM La-
grangian acquires a maximal global chiral symmetry
U(3)Q × U(3)u × U(3)d × U(3)` × U(3)e under which
fermion species Q, u etc. transform as triplets of inde-
pendent U(3) groups. It is tempting to consider that the
non-abelian SU(3) factors of this maximal flavor symme-
try are related to gauge symmetries.4
Let us concentrate on the lepton sector and discuss the
gauge symmetry SU(3)` × SU(3)e [16] under which the
LH and RH lepton fields transform as
`Lα =
(
να
eα
)
L
∼ (3`, 1), eRγ ∼ (1,3e) (21)
where α = 1, 2, 3 and γ = 1, 2, 3 are the indices of SU(3)`
and SU(3)e respectively. This set of fermions is not
4 Gauging of chiral U(1) factors is problematic because of anoma-
lies. In fact, one combination of U(1) factors can be rendered
practicable via the Green–Schwarz mechanism and there are
fermion mass models in which such anomalous gauge symmetry
U(1)A is used as a flavor symmetry [15].
6anomaly free. The ways of the anomaly cancellation were
discussed in Ref. [16] and in this letter we shall not con-
centrate on this issue.
For breaking SU(3)` × SU(3)e we introduce flavon
fields, three triplets ηiα of SU(3)` and three triplets ξiγ
of SU(3)e, i = 1, 2, 3. Then the charged lepton masses
emerge from the gauge invariant dimension–6 operator
yij
M2 ηiαξ
γ
j φ `LαeRγ + h.c. (22)
where yij are order one constants, φ is the Higgs doublet
and M is a cutoff scale. In an UV-complete theory such
operators can be induced via seesaw-like mechanism by
integrating out some heavy scalar or fermion states [11,
12]. However, concrete model building is not the scope of
this paper, and for our demonstration effective operator
analysis is sufficient. As for the neutrinos, their Majorana
masses are induced by the higher order operator
hij
M3ν
ηαi η
β
j φφ `
T
LαC`β + h.c. (23)
where hij = hji. The cutoff scale Mν of this operator is
not necessarily the same as the scaleM of operator (22).
In order to generate non-zero masses of all three lep-
tons e, µ, τ , all three SU(3)` flavons ηi as well as SU(3)e
ξi should have non-zero VEVs with disoriented direc-
tions. This means that the VEVs 〈ηiα〉 should form a
rank-3 matrix. Without losing generality, the flavon ba-
sis can be chosen so that the matrix 〈ηiα〉 is diagonal,
〈ηiα〉 = wiδiα, i.e. the flavon VEVs are orthogonal:
〈η1〉 =
 w10
0
 , 〈η2〉 =
 0w2
0
 , 〈η3〉 =
 00
w3
 (24)
Analogously, for ξ–flavons we take 〈ξiγ〉 = viδiγ . After
plugging these VEVs into (22) we obtain the leptonic
Yukawa matrices in the SM Lagrangian (13) as
Y ije = yij
wivj
M2 (25)
Since the couplings (22) should give the lepton mass hier-
archy, we consider that the latter emerges due to the VEV
hierarchy v3  v2  v1 in SU(3)e symmetry breaking,
i.e. v3 : v2 : v1 ∼ mτ : mµ : me as it is described in Ref.
[16]. On the other hand, operator (23) should give the
observed neutrino mass pattern, mijν = hijwiwjv
2
w/M3ν ,
and in particular the large neutrino mixing. This implies
that SU(3)` breaking flavons η should have comparable
VEVs, w3 ∼ w2 ∼ w1.
Gauge bosons Fµa of SU(3)`, associated to the Gell-
Mann matrices λa, a = 1, 2, ...8, interact as gFµa Jaµ with
the respective currents Jaµ = J
(e)
aµ +J
(ν)
aµ =
1
2eLγµλaeL+
1
2νLγµλaνL, where g is the gauge coupling constant,
eL = (e1, e2, e3)
T
L and eL = (ν1, ν2, ν3)
T
L respectively de-
note the family triplets of the LH charged leptons and
neutrinos.
At low energies these couplings induce four-fermion
(current × current) interactions:
Leff = −g
2
2
Jµa
(
M2
)−1
ab
Jbµ (26)
where M2ab is the squaredmass matrix of gauge bosons Fµa
which in the flavon VEV basis (24) is essentially diagonal
apart of a non-diagonal 2 × 2 block related to Fµ3 - Fµ8
mixing. Namely, the masses of Fµ1,2, Fµ4,5 and Fµ6,7 are
M21,2 =
g2
2
(w22 + w
2
1) =
g2
2
v2F , (27)
M24,5 =
g2
2
(w23 + w
2
1), M
2
6,7 =
g2
2
(w23 + w
2
2) .
As for Fµ3 and Fµ8 they have a mass mixing and their
mass matrix reads
M238 =
g2
2
(
w22 + w
2
1
1√
3
(w21 − w22)
1√
3
(w21 − w22) 13 (4w23 + w21 + w22)
)
. (28)
Notice that if w1 = w2 = vF/
√
2, this matrix becomes di-
agonal. In the following, for the simplicity of our demon-
stration, we analyze this case.5 Then for the gauge boson
masses we have M2a = (g
2/2)(xavF )2, where
x21,2,3 = 1, x
2
4,5,6,7 =
r + 1
2
, x28 =
2r + 1
3
(29)
and r = 2w23/v
2
F . Then operators (26) can be rewritten
as Leff = Leνeff + Leeeff + Lννeff where
Leνeff = −
2GF√
2
8∑
a=1
(
eL γ
µλa
xa
eL
)(
νL γµ
λa
xa
νL
)
Leeeff = −
GF√
2
8∑
a=1
(
eL γµ
λa
xa
eL
)2
(30)
Lννeff = −
GF√
2
8∑
a=1
(
νL γµ
λa
xa
νL
)2
where 4GF/
√
2 = 1/v2F . Obviously, the factor g
2/2 in
operators cancels out and the strength of these operators
is determined solely by the VEVs (24).
The first term Leνeff contains operator (17) which con-
tributes to the muon decay µ→ eνµν¯e as Gµ = GF +GF .
It is induced by exchange of gauge bosons Fµ1 and Fµ2 ,
or more precisely by the combination (Fµ1 ± iFµ2 )/
√
2,
as in second diagram of Fig. 5. As it was pointed out
in previous section, for restoring the CKM unitarity one
needs δµ = GF/GF = (vw/vF )2 to be around 7 × 10−4
which corresponds to the flavor scale vF ≈ 6÷ 7 TeV.
5 Similar analysis can be done also for a general case w1 6= w2,
along the lines of Ref. [16] where such analysis was done for the
RH gauge sector SU(3)e.
7The similar operators in Leνeff mediated by the gauge
bosons Fµ4,5 and Fµ6,7 contribute to the taon leptonic
decays τ → eντ ν¯e and τ → µντ ν¯µ. Then, in the
case w1,2,3 ∼ vF but w1 6= w2, the branching ratio
Γ(τ → µντ ν¯µ)/Γ(τ → eντ ν¯e) can have up to O(10−3)
deviation from the SM prediction 0.9726 which can be
experimentally testable. (For a comparison, the present
experimental value of this ratio is 0.9762(28) [5].) In
addition, in Leνeff the terms with the “diagonal’ gener-
ators λ3 and λ8 give rise also the non-standard neu-
trino interactions with leptons with coupling constants
∼ GF = δµGF , well below the experimental constraints.
The last term Lννeff in (30) contains the non-standard
interactions between neutrinos, but present experimental
limits on such interactions are rather weak. On the other
hand, the second term Leeeff in (30) containing charged
leptons in principle is testable for the scale vF of several
TeV.
Interestingly, if the flavor eigenstates e1, e2, e3 are the
mass eigenstates e, µ, τ , the terms (30) do not contain
any LFV operators inducing processes like µ→ 3e, τ →
3µ etc. However, the lepton flavor-conserving contact
operators − 4pi
Λ2L
(eLγµeL)
2, − 2pi
Λ2L
(eLγ
µeL)(µLγµµL), etc.
are restricted by the ‘compositeness’ limits Λ−L (eeee) >
10.3 TeV and Λ−L (eeµµ) > 9.5 TeV. Comparing these
operators with the corresponding terms in (30) and tak-
ing into account the relations (29), the ‘compositeness’
scales can be expressed in terms of the scale vF . Hence,
we obtain the limit
vF >
(
r + 1
r + 0.5
)1/2
× 2.1 TeV . (31)
Here the r–dependent pre-factor approaches 1 when r 
1 and it becomes
√
2 in the opposite limit r  1. Thus,
the strongest limit emerges in the latter case, vF > 3 TeV
or so, which is anyway fulfilled for our benchmark range
vF ' (6÷ 7) TeV.
The flavor eigenstates e1, e2, e3 coincide with the mass
eigenstates e, µ, τ , if the Yukawa matrix Y ije in (25) is
diagonal. This can be achieved by imposing some ad-
ditional discrete symmetries between the flavons ηi and
ξi of SU(3)` and SU(3)e sectors which would forbid the
non-diagonal terms yij in operator (22). However, in
general case the initial flavor basis of the LH leptons is
related to the mass basis by the unitary transformation e1e2
e3

L
= UL
 eµ
τ

L
=
 U1e U1µ U1τU2e U2µ U2τ
U3e U3µ U3τ
 eµ
τ

L
(32)
Then, in the basis of mass eigenstates, the operators
Leeeff read as in (30) but with the substitution λa/xa →
U†(λa/xa)U . Interestingly, in the limit r = 1, i.e. when
the VEVs w1,2,3 are equal and so xa = 1, all flavor bosons
Fµa have equal masses, and the substitution λa → U†λaU
is simply a basis redetermination of the Gell-Mann ma-
trices. Therefore, no LFV effects will emerge in this case
since the global SO(8)` symmetry acts as a custodial
symmetry. Namely, by Fierz transformations, using also
the Fierz identities for the Gell-Mann matrices, we obtain
− GF√
2
8∑
a=1
(
eLγµλaeL
)2
= −4
3
GF√
2
(
eLγµeL
)2
(33)
Obviously, the latter expression is invariant under the
unitary transformation (32).
In general case r 6= 1, the mixing (32) gives rise to the
LFV operators as e.g. the one inducing µ→ 3e decay:
−4Gµeee√
2
(
eLγ
µµL
)(
eLγ
µeL
)
+ h.c. ,
4Gµeee√
2
=
C(r)
2v2F
[
1 +
1− r
r
|U3e|2
]
U∗3eU3µ , (34)
where the function C(r) = (r − 1)r[(r + 1)(r + 0.5)]−1
is limited as |C(r)| < 1, reaching the maximal value at
r  1, and it vanishes at r = 1. Then, taking |U3e|  1,
we obtain for the branching ratio of µ→ 3e decay
Γ(µ→ eee¯)
Γ(µ→ eνµν¯e) =
1
2
∣∣∣∣GµeeeGF
∣∣∣∣2 = 18 (δµC(r)|U∗3eU3µ|)2
(35)
The experimental upper bound on this branching ratio
is 10−12 [5]. Taking δµ = (vw/vF )2 = 7× 10−4, the limit
δµ|CU∗3eU3µ|/
√
8 < 10−6 translates into |CU∗3eU3µ| <
0.4 × 10−2 which is nicely satisfied if the lepton mix-
ing angles in (32) are comparable with the CKM mixing
angles in (1) or even larger. E.g. if the VEV ratio is
in between r = 0.5 ÷ 1.5, then |C(r)| < 1/7 so that
|U∗3eU3µ| < (1/6)2 or so would suffice for properly sup-
pressing the µ→ 3e decay rate. This means that in this
case the matrix elements |U3µ| and |U3e| can be almost
as large as the Cabibbo angle sin θC = Vus. The ex-
perimental limits on other LFV effects as e.g. τ → 3µ
are weaker, and following the lines of Ref. [16] one can
show that in our model with vF ' 6 TeV or so, they are
fulfilled even for whatever large mixings in (32). Once
again, for r = 1 all LFV effects are vanishing owing to
custodial symmetry, see Eq. (33).
7. Let us discuss briefly how the hypothesis Gµ 6= GF
could affect the SM precision tests. In the SM, at tree
level, the weak gauge boson masses are MW = gvw/
√
2 =
evw/
√
2 sin θW and MZ = MW / cos θW where θW is the
weak angle. For precision tests the radiative corrections
are important which depend also on the top quark and
Higgs mass.
The world averages of experimentally measured masses
of Z and W reported by PDG 2018 are [5]:
M expZ = 91.1876(21) GeV,
M expW = 80.379(12) GeV, (36)
while the SM global fit yields to the following values:
MSMZ = 91.1884(20) GeV,
MSMW = 80.358(4) GeV. (37)
8Hence, the theoretical and experimental values of Z-mass
are in perfect agreement while for W -boson the two val-
ues have about 1.6σ discrepancy:
M expW −MSMW = (21± 13) MeV (38)
In the SM the mass of W -boson, including radiative
corrections, is determined as
MW =
A0
sˆZ(1−∆rˆW )1/2 (39)
where A0 = (piα/
√
2GF )
1/2 = 37.28039(1) GeV taking
GF = Gµ, the factor 1 − ∆rˆW = 0.93084(8) includes
the main radiative corrections and sˆ2Z = 1.0348(2)s
2
W is
the corrected value of sin2 θW (MZ) by including the top
and Higgs mass dependent corrections. The theoretical
mass MW = 80.358(4) GeV (37) is then obtained by
substituting in (39) the value sˆ2Z = 0.23122(3) obtained
from the SM global fit [5]. In our scenario, however,
GF 6= Gµ. Should we just set in A0 instead of GF = Gµ
the “corrected” value GF = (1+δµ)
−1Gµ, then A0 should
be rescaled by a factor (1 + δµ)
1/2, and correspondingly
the “theoretical” value of MW (39) too. In particular, for
δµ = 7× 10−4 we would get MW = 80.386 GeV, right in
the ball-park of the experimental values (37). However,
this is not the right thing to do.
In the global fit of SM MZ is one of the input pa-
rameters with smallest experimental errors, along with
the fine structure constant α and the “muon” Fermi con-
stant Gµ. Essentially, this is the main reason of the good
coincidence between M expZ and M
SM
Z . In fact, the SM
implies the relation
MZ =
MW
cˆZ ρˆ1/2
=
A0
sˆZ cˆZ(1−∆rˆW )1/2ρˆ1/2 (40)
where ρˆ = 1 + ρt + δρ = 1.01013(5) includes the weak
isospin breaking effects, dominantly from the quadratic
mt dependent corrections ρt = 3GFm
2
t/8
√
2pi2. There-
fore, taking the experimental value of Z-mass (36), Eq.
(40) can be used for determination of sˆ2Z parameter,
sˆ2Z = 0.23123(3). This, in turn, from MW = MZ ρˆ
1/2cˆZ
gives MW = 80.357(4)SM GeV, i.e. practically the same
as the global fit result (37). This is because the determi-
nation of the parameter sˆ2Z in the SM global fit is domi-
nated by the results of Z-pole measurements.
However, in our scenario rescaling A0 → A0(1 + δµ)1/2
changes the value of sˆ2Z . In particular, taking δµ =
(7.6 ± 1.6) × 10−4, we get sˆ2Z = 0.23148(3)SM(5)δµ .
Then, again from MW = MZ ρˆ
1/2cˆZ , we get MW =
80.344(4)SM(3)δµ GeV. Thus, unfortunately, while the ef-
fect is there, in reality it goes right to the opposite di-
rection. So, our determination of MW differs from M
SM
W ,
MSMW −MourW = (13± 3) MeV. Thus, with MSMW already
being in tension with the experimental value (36), our
result has more tension: M expW −MourW = (35± 13) MeV
(2.7σ). However, let us remark that the tension with
the latest results of ATLAS MATLW = 80.370(19) is less,
MATLW −MourW = (26±20) MeV (1.3σ). If the tension will
increase with future precision, this would mean that one
has to admit at least some minimal step beyond the SM.
The relation between W and Z masses can be improved
by increasing of ρ-parameter via e.g. the VEV ∼ 1 GeV
of a scalar triplet of the electroweak SU(2)×U(1), or by
diminishing Z mass by few MeV e.g. via its mixing with
some extra gauge bosons like Z ′ or perhaps also with the
flavor gauge bosons considered in the previous section.
8. The value |Vud| can be extracted also from free neu-
tron decay by combining the results on the measurements
of the neutron lifetime τn with those of the axial current
coupling constant gA = GA/GV . The master formula
reads (see e.g. in a recent review [17]):
|Vud|2 = K/ ln 2
G2FFnτn (1 + 3g2A)(1 + ∆VR)
=
5024.46(30) s
τn(1 + 3g2A)(1 + ∆
V
R)
(41)
where Fn = fn(1 + δ′R) is the neutron f -value fn =
1.6887(1) corrected by the long-distance QED correc-
tion δ′R = 0.01402(2) [18]. This equation, taking the
values τn = 880.2 ± 1.0 s and gA = 1.2724 ± 0.0023
adopted in PDG 2018 [5], would give the value |Vud| =
0.97577(55)τn(146)gA(18)∆VR = 0.97577(157). It is com-
patible with |Vud| = 0.97370(10)Ft(10)∆VR = 0.97370(14)
obtained from (6) and used in (9), but has an order of
magnitude larger error.
However, rather than for determination of |Vud|, Eq.
(41) can be used for a consistency check. Namely, by
comparing it with Eq. (6) we get a relation between τn
and gA [19]:
τn =
2Ft
ln 2Fn(1 + 3g2A)
=
5172.0(1.1) s
1 + 3g2A
(42)
In Fig. 8 this relation is shown by the red band. This
formula is very accurate since the common factors in Eqs.
(6) and (41) cancel out, including the Fermi constant and
radiative corrections ∆VR .
For the axial current coupling gA, the PDG 2018
quotes a value gA = 1.2724±0.0023. However, the results
of the latest and most recent experiments [20–22] which
measured β-asymmetry parameter using different tech-
niques (the cold neutrons in PERKEO II and PERKEO
III experiments [20, 22] and ultra-cold neutrons in the
UCNA experiment [21]), are in perfect agreement among
each other, and their average determines the axial cur-
rent coupling gA with impressive (better than one per
mille) precision:
gA = 1.27625± 0.00050 . (43)
Fig. 8 shows the results of Refs. [20–22] and their average
(vertical grey band). For gA in this range Eq. (42) gives
the Standard Model prediction for the neutron lifetime
τSMn = 878.7± 0.6 s (44)
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FIG. 8. The red band shows the precision relation (42 between
gA and τn. Black triangles with horizontal error bars show
values of gA reported in Refs. [20–22] and vertical grey band
corresponds to their average (43). Green circles show values of
τn reported by trap experiments [24–31] with respective error
bars and horizontal green band shows their average (45). Blue
squares and blue horizontal band show the the same for beam
experiments [32, 33].
From the experimental side, the neutron lifetime is
measured in two types of experiments. The trap exper-
iments measure the disappearance rate of the ultra-cold
neutrons (UCN) by counting the survived neutrons after
storing them for different times in the UCN traps and de-
termine the neutron decay width Γn = τ
−1
n . The beam
experiments are the appearance experiments, measuring
the width of β-decay n → peν¯e, Γβ = τ−1β , by counting
the produced protons in the monitored beam of cold neu-
trons. In the Standard Model the neutron decay should
always produce a proton, and so both methods should
measure the same value Γn = Γβ .
However, there is tension between the results obtained
using two different methods, as it was pointed out in
Refs. [23]. Fig. 8 clearly demonstrates the discrepancy.
Namely, by averaging the presently available results of
eight trap experiments [24–31] one obtains:
τtrap = 879.4± 0.6 s , (45)
which is compatible with the SM prediction (44). On the
other hand, the beam experiments [32, 33] yield
τbeam = 888.0± 2.0 s . (46)
which is about 4.4σ away from the SM predicted value
(44).6
6 The PDG 2018 average τn = 880.2 ± 1.0 s includes the results
of two beam experiments [32, 33] and five trap experiments [24–
28], with the error rescaled up by a factor
√
χ2dof ≈ 2 for a loose
compatibility between the data, essentially between the trap and
beam experiments. Results of three recent trap experiments [29–
31] published in 2018 were not included.
Therefore, due to consistency with the SM prediction
(42), it is more likely that the true value of the neu-
tron lifetime is the one measured by trap experiments
(45). About 1 per cent deficit of produced protons in the
beam experiments [32, 33] might be due to some unfixed
systematic errors. Alternatively, barring the possibility
of uncontrolled systematics and considering the problem
as real, a new physics must be invoked which could ex-
plain about one per cent deficit of protons produced in
the beam experiments. One interesting possibility can
be related to the neutron–mirror neutron (n − n′) oscil-
lation [34], provided that ordinary and mirror neutrons
have a tiny mass difference 100 neV or so [35]. Then in
large magnetic fields (5 Tesla or so) used in beam exper-
iments n − n′ conversion probability can be resonantly
enhanced to about ∼ 0.01 and thus corresponding frac-
tion of neutrons converted in mirror neutrons will decay
in an invisible (mirror) channel without producing ordi-
nary protons.
Concluding this section, let us remark that the present
precision calculation of the short-range radiative correc-
tions ∆VR [8] and respective redetermination of Vud has
no influence on the determination of the neutron life-
time (44) obtained from Eq. (42) which in fact directly
relates the value of τn to the value Ft accurately mea-
sured in superallowed 0+ − 0+ nuclear transitions and
to the value gA = GA/GV obtained from accurate mea-
surements of β-asymmetry. Notice that the relation (42)
remains valid also in the presence of non-standard vec-
tor or axial interactions contributing to the neutron de-
cay, since the value of GV (independently whether it is
equal to GF |Vud| or not) anyway cancels out [36] and
only the ratio gA = GA/GV remains relevant which value
is accurately determined from the measurements of β-
asymmetry. In particular, Eq. (42) remains valid in our
model with GF 6= Gµ discussed in previous section, or
more generically for any modification of the SM intro-
ducing new vector and axial couplings contributing in
operator (4).
9. As concluding remarks. The present experimental and
theoretical accuracy in independent determination of the
first row elements of the CKM matrix indicates towards
about 4.4σ deviation from the unitarity (1). This can be
indication to the new physics at the scale of few TeV.
We investigated two possible scenarios in order to fill the
gap. The respective results are summarised it Table I.
The first, rather straightforward possibility is related
to the existence of “fourth family” in the form of a vector-
like couple of isosinglet down-type quarks b′L, b
′
R, with the
mass of few TeV, which has rather strongly mixed with
the first family Vub′ ' 0.04. However, apart of the persis-
tent question ”who has ordered that?”, it has some rather
unnatural features. In particular, in order to avoid strong
flavor changing effects in Kaon physics etc., the 4th quark
b′ should have weaker mixings with 2nd and 3rd families
than with the first one. Perhaps such a situation is possi-
ble by some conspiracies, however a priori it looks rather
weird.
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CKM [PDG] CKM [post 2018] CKM+ b′ CKM+F
C 0.2257(9) 0.22780(60) 0.22443(61) 0.22460(61)
B 0.2256(10) 0.22535(45) 0.22518(45) 0.22535(45)
A 0.2238(8) 0.22333(60) 0.22333(60) 0.22350(60)
A+B 0.2245(6) 0.22463(36) 0.22452(36) 0.22469(36)
A+B+C 0.2248(5) 0.22546(31) 0.22449(31) 0.22467(31)
χ2 = 3.4 χ2 = 27.7 † χ2 = 6.1 χ2 = 6.1
|Vus| 0.2248(7) 0.2255(12) † 0.2245(5) 0.2247(5)
|Vud| 0.97440(16) 0.97424(27) † 0.97369(12) 0.97443(12)
TABLE I. The 1st column shows independent |Vus| determinations A, B, C from the PDG dataset (9) by assuming 3-family
CKM unitarity (2), their averages and total χ2 value. The last two rows show the conservative estimation of |Vus| with error-bar
rescaled by
√
χ2dof and the corresponding value of |Vud|. Other columns show the same but obtained from after 2018 dataset
(10) by assuming respectively 3-family CKM unitarity (2), unitarity extended to 4th quark b′ with |Vub′ | = 0.04, and 3-family
CKM but taking Gµ/GF = 1+δµ with δµ = 7.6×10−4. Mark † in 2nd column indicates that for that large χ2 the error-rescaling
by
√
χ2dof = 3.7 does not make much sense since the data are incompatible.
Alternatively, an additional effective operator con-
tributing to muon decay in positive interference with the
Standard Model contribution can restore unitarity. In
this case the Fermi constant wolud be slightly different
from muon decay constant, GF = Gµ/(1 + δµ), where
δµ ' 7 × 10−4 would suffice for restoring the unitarity.
Namely, the values of Vus and Vud (which are normally
extracted by assuming GF = Gµ) are shifted by a fac-
tor 1 + δµ while their ratio is not affected. The needed
effective operator can be mediated by a flavor changing
boson related to a gauge horizontal symmetry SU(3)`
acting between the three lepton families, which symme-
try is spontaneously broken at the scale of 6− 7 TeV.
Considering the gauge symmetry group SU(3)` ×
SU(3)e acting on left-handed and right-handed leptons
respectively, one can get a natural understanding on the
origin of the mass hierarchy among charged leptons and
large mixing angles for neutrinos which is related to the
pattern of spontaneous breaking of the symmetry. In-
terestingly, despite the fact that these gauge bosons are
have flavor–changing couplings with the leptons, their
exchanges do not induce dramatic LFV effects as decays
µ → 3e, τ → 3µ etc., which can be kept under control
thanks to approximate custodial symmetry.
Analogously, one can consider gauge symmetry
SU(3)Q × SU(3)u × SU(3)d between the quark fam-
ilies. Its breaking pattern can be at the origin of
the quark mass and mixing hierarchy, and the flavor-
changing gauge bosons of SU(3)Q can contribute to
hadronic decays of kaons, hyperons, etc. In supersym-
metric extension of the SM, the chiral gauge symmetries
SU(3)` × SU(3)e for leptons and SU(3)Q × SU(3)u ×
SU(3)d for quarks can be also motivated as a natural
possibility of the realizing the minimal flavor violation
scenario [37, 38].
One interesting possibility, discussed in Ref. [16], is
that these flavor gauge symmetries are common symme-
tries between the ordinary and mirror particle scoters,
which is also motivated to the possibility of cancellation
of triangle anomalies of gauge SU(3) factors between the
ordinary and mirror particles [37]. Mirror matter is also a
viable candidate for dark matter (see e.g. reviews [39]).
Since flavor gauge bosons are messengers between the
two sectors, then they are a portal for direct detection of
mirror dark matter [40] but also they mediate new flavor
violating phenomena such as muonium–mirror muonium,
kaon–mirror kaon oscillations [16].
Acknowledgements. The work of Z.B. was supported
by the research grant ”The Dark Universe: A Syner-
gic Multimessenger Approach” No. 2017X7X85K un-
der the program PRIN 2017 funded by the Ministero
dell’Istruzione, Universita` e della Ricerca (MIUR). The
work of R.B. and Z.B. was supported in part by Shota
Rustaveli National Science Foundation (SRNSF) of Geor-
gia, grant DI-18-335/New Theoretical Models for Dark
Matter Exploration.
[1] J. C. Hardy and I. S. Towner, Phys. Rev. C 91, no. 2,
025501 (2015) [arXiv:1411.5987 [nucl-ex]].
[2] J. Hardy and I. S. Towner, PoS CKM 2016, 028 (2016).
[3] V. Tishchenko et al. [MuLan Collaboration], Phys. Rev.
D 87, no. 5, 052003 (2013) [arXiv:1211.0960 [hep-ex]].
[4] M. Moulson, PoS CKM 2016, 033 (2017)
[arXiv:1704.04104 [hep-ex]].
[5] M. Tanabashi et al. [Particle Data Group], Phys. Rev. D
98, no. 3, 030001 (2018).
[6] S. Aoki et al. [FLAG], Eur. Phys. J. C 77, no. 2, 112
11
(2017) [arXiv:1607.00299 [hep-lat]].
[7] W. J. Marciano and A. Sirlin, Phys. Rev. Lett. 96,
032002 (2006) [hep-ph/0510099].
[8] C. Y. Seng, M. Gorchtein, H. H. Patel and M. J. Ramsey-
Musolf, Phys. Rev. Lett. 121, no. 24, 241804 (2018)
[arXiv:1807.10197 [hep-ph]].
[9] A. Bazavov et al. [Fermilab Lattice and MILC Collabo-
rations], arXiv:1809.02827 [hep-lat].
[10] S. Aoki et al. [Flavour Lattice Averaging Group],
arXiv:1902.08191 [hep-lat].
[11] Z. G. Berezhiani, Phys. Lett. 129B, 99 (1983); Phys.
Lett. 150B, 177 (1985).
[12] Z. G. Berezhiani and J. L. Chkareuli, JETP Lett. 35, 612
(1982); Sov. J. Nucl. Phys. 37, 618 (1983); Sov. J. Nucl.
Phys. 52, 383 (1990)
[13] Z. G. Berezhiani and M. Y. Khlopov, Z. Phys. C 49, 73
(1991); Sov. J. Nucl. Phys. 51, 739 (1990); Sov. J. Nucl.
Phys. 51, 935 (1990); Sov. J. Nucl. Phys. 52, 60 (1990)
[14] Z. Berezhiani and A. Rossi, Nucl. Phys. B 594, 113
(2001) [hep-ph/0003084]; JHEP 9903, 002 (1999) [hep-
ph/9811447]; S. F. King and G. G. Ross, Phys. Lett.
B 574, 239 (2003) [hep-ph/0307190]; Z. Berezhiani and
F. Nesti, JHEP 0603, 041 (2006) [hep-ph/0510011].
[15] P. Binetruy, S. Lavignac and P. Ramond, Nucl. Phys.
B 477, 353 (1996) [hep-ph/9601243]; E. Dudas, C. Gro-
jean, S. Pokorski and C. A. Savoy, Nucl. Phys. B 481, 85
(1996) [hep-ph/9606383]; Z. Berezhiani and Z. Tavartk-
iladze, Phys. Lett. B 396, 150 (1997) [hep-ph/9611277];
Phys. Lett. B 409, 220 (1997) [hep-ph/9612232].
[16] B. Belfatto and Z. Berezhiani, Eur. Phys. J. C 79,
no. 3, 202 (2019) [arXiv:1812.05414 [hep-ph]]; see also
B. Belfatto, PoS EPS -HEP2017, 660 (2017).
[17] M. Gonzalez-Alonso, O. Naviliat-Cuncic and N. Sev-
erijns, Prog. Part. Nucl. Phys. 104, 165 (2019)
[arXiv:1803.08732 [hep-ph]].
[18] I. S. Towner and J. C. Hardy, Rept. Prog. Phys. 73,
046301 (2010).
[19] A. Czarnecki, W. J. Marciano and A. Sirlin, Phys. Rev.
Lett. 120, no. 20, 202002 (2018) [arXiv:1802.01804 [hep-
ph]].
[20] D. Mund et al., Phys. Rev. Lett. 110, 172502 (2013).
[21] M. A.-P. Brown et al., Phys. Rev. C 97, 035505 (2018).
[22] B. Ma¨rkisch et al., arXiv:1812.04666 [nucl-ex].
[23] A. Serebrov and A. Fomin, Phys. Procedia 17, 19 (2011);
G. L. Greene and P. Geltenbort, Sci. Am. 314, 36 (2016).
[24] W. Mampe et al., JETP Lett. 57, 82 (1993).
[25] A. P. Serebrov et al., Phys. Lett. B 605, 72 (2005);
Phys. Rev. C 78, 035505 (2008).
[26] A. Pichlmaier et al., Phys. Lett. B 693, 221 (2010).
[27] A. Steyerl et al., Phys. Rev. C 85, 065503 (2012).
[28] S. Arzumanov et al., Phys. Lett. B 745, 79 (2015).
[29] A. P. Serebrov et al., Phys. Rev. C 97, 055503 (2018).
[30] V. F. Ezhov et al., JETP 107, 11 (2018).
[31] R. W. Pattie, Jr. et al., Science 360, no. 6389, 627 (2018).
[32] J. Byrne et al., Europhys. Lett. 33, 187 (1996).
[33] A. T. Yue et al., Phys. Rev. Lett. 111, no. 22, 222501
(2013). [arXiv:1309.2623 [nucl-ex]].
[34] Z. Berezhiani and L. Bento, Phys. Rev. Lett. 96, 081801
(2006) [hep-ph/0507031]; Phys. Lett. B 635, 253 (2006)
[hep-ph/0602227]; Z. Berezhiani, Eur. Phys. J. C 64, 421
(2009) [arXiv:0804.2088 [hep-ph]].
[35] Z. Berezhiani, arXiv:1807.07906 [hep-ph], Eur. Phys. J.
C – in press.
[36] Z. Berezhiani, LHEP 158, 1 (2019),
doi:10.31526/LHEP.1.2019.118 [arXiv:1812.11089
[hep-ph]]
[37] Z. Berezhiani, Phys. Lett. B 417, 287 (1998); Nucl. Phys.
Proc. Suppl. 52A, 153 (1997) [hep-ph/9607363];
[38] A. Anselm and Z. Berezhiani, Nucl. Phys. B 484, 97
(1997) [hep-ph/9605400]; Z. Berezhiani and A. Rossi,
Nucl. Phys. Proc. Suppl. 101, 410 (2001) [hep-
ph/0107054]; G. D’Ambrosio, G. F. Giudice, G. Isidori
and A. Strumia, Nucl. Phys. B 645, 155 (2002) [hep-
ph/0207036].
[39] Z. Berezhiani, Int. J. Mod. Phys. A 19, 3775 (2004);
“Through the looking-glass: Alice’s adventures in mir-
ror world,” In I. Kogan Memorial Volume From Fields
to Strings, Circumnavigating Theoretical Physics, World
Scientific (2005), Eds. M. Shifman et al., vol. 3, pp.
2147-2195 [hep-ph/0508233]; Eur. Phys. J. ST 163, 271
(2008).
[40] R. Cerulli et al., Eur. Phys. J. C 77, no. 2, 83 (2017)
[arXiv:1701.08590 [hep-ex]]. A. Addazi et al., Eur. Phys.
J. C 75, no. 8, 400 (2015) [arXiv:1507.04317 [hep-ex]].
